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We analyze the vector multiplet prepotential of d = 4, N = 2 type IIA compactifi-
cations. We find that the worldsheet instanton corrections have a natural interpretation
as one-loop corrections in five dimensions, with the extra dimension being compactified
on a circle of radius gsℓs. We argue that the relation between spacetime and worldsheet
instantons is natural from this point of view. We also discuss the map between the type
IIA worldsheet instantons and the spacetime instantons in the heterotic dual.
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1. Introduction
Recent studies of non-perturbative string dynamics have revealed that five dimensional
gauge theories contain rich and interesting physics. This is not an academic issue, as such
theories arise in the following contexts:
1. Compactifications of M-theory on Calabi-Yau threefolds [1][2][3];
2. The dynamics of D4-brane probes in type I ′ string theory [4][5];
3. Compactification of heterotic/type I string on K3× S1 [6];
4. Chern-Simons theories for Nws = 2 strings and WZW4 models [7][8].
In addition, if string/M theory describes the world, then the passage from five to four
dimensions might teach us something useful. For example, the E8 × E8 heterotic string is
dual to M-theory compactified on S1/ZZ2, with the heterotic string coupling proportional
to the radius ρ of the compactification [9]. For phenomenologically reasonable N = 1
compactifications of the heterotic string on a Calabi-Yau threefold with volume ℓc, ρ is an
order of magnitude larger than both the ℓc and the eleven-dimensional Planck scale ℓp,11
[10][11].
In this paper we will concentrate on the first item of this list, compactified further on a
circle of radius R (and discuss the third item as a dual description); this theory is of course
type IIA string theory compactified on the same Calabi-Yau manifold, with string coupling
gs = (R/ℓp,11)
3/2 [12][13]. The five-dimensional theory will have eight supercharges, the
minimal (N = 1) supersymmetry in five dimensions.
For Lagrangians at most quadratic in derivatives, the vector multiplet dynamics of
N = 1 theories in five dimensions are completely determined by the prepotential F , a piece-
wise polynomial function of the vevs of the scalars in the vector multiplets. For M-theory
compactified down to IR5 on a Calabi-Yau threefold, the vector multiplets correspond to
the sizes of the two-cycles (minus one for the graviphoton). The five-dimensional gauge
theory is completely determined by the classical intersection ring of the CY manifold; its
prepotential is simply
F →
∑ 1
6
CijkT
iT jT k (1.1)
in a given Ka¨hler cone, where Cijk are the intersection numbers of divisors (i,j,k) and
T i,j,k are the areas of the two-cycles related by Poincare´ duality (in units of ℓs.) The only
nontrivial phenomena which can happen in this theory are flop transitions and contractions
of some submanifolds to zero size, leading to either enhanced gauge symmetry or to exotic,
nontrivial infrared fixed points [3][4][5][14][15]. In this paper, we will concentrate on the
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contraction of divisors to rational curves; the resulting singularities lead to enhanced gauge
symmetry without additional massless hypermultiplets [16][17][3][5].
The prepotential F becomes more interesting when we compactify the five-dimensional
theory on a circle S1 of radius R. The prepotential of the resulting four dimensional theory
becomes a function of R, such that in the limit R→∞ it reduces to the cubic form given
in (1.1), while in the R→ 0 limit it has much more complicated form
F ∼ 1
2
T 2
(
log
(
T
Λ
)2
+
∞∑
n=1
fn
n
(
Λ
T
)4n)
due to instanton corrections. Here T denotes a complex scalar of the vector multiplet in
four dimensions. In addition to the real five dimensional scalar it contains a Wilson loop
around S1.
The purpose of this paper is to use this five-dimensional point of view in order to
understand how nonperturbative gauge dynamics arises from nonperturbative worldsheet
dynamics in type IIA string theory. In [18] the authors have shown how to “geometrically
engineer” N = 2 gauge theories in four dimensions. Enhanced nonabelian gauge sym-
metries arise in IIA compactifications on Calabi-Yau manifolds from fibrations of ADE
singularities over rational curves [16](for type IIB compactifications this was found by
[19]). At a generic point in the moduli space of N = 2 gauge theories, the gauge group is
broken to its Cartan subalgebra [20]. (for a review of N = 2 gauge theories and references
see [21]). Thus, in order to study the gauge dynamics, it suffices to compute the prepo-
tential for the Abelian gauge group (with the caveat that we must also understand the
singularities of the prepotential.) The relevant vector multiplets come from the sizes of the
shrinking IP1s in the ADE singularities. Because the IIA dilaton lives in a hypermultiplet,
the prepotential can be calculated exactly by a tree-level string computation.
We would like to isolate the gauge theory part of the string theory dynamics. To do
this, we must work in a region of the moduli space of the theory in which the relevant
gauge theory scales – theW mass and the QCD scale Λ – are much lighter than the Planck
mass or the string scale. We can do this by first taking ℓs →∞. The W boson will come
from a Dirichlet two-brane wrapped around a holomorphic two-cycle with area a; its mass
will be
MW =
a
gsℓ3s
.
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Thus, in our problem we must have
a≪ gsℓ2s .
This means that for weak string coupling (a limit we will not necessarily restrict ourselves
to), the size of the cycle must be smaller than the string scale. This may be disturbing
to some, but there are indications that D-branes probe geometry down to scales of order
gsℓs in this limit [22][23]. We also want to scale the Ka¨hler classes so that only those
classes relevant to the ADE fibration are relevant (i.e. the other worldsheet instantons
decouple). In cases where the singularity of interest can be imbedded in a compact Calabi-
Yau threefold, one can compute the full vector multiplet prepotential and take the Ka¨hler
classes one is not interested in to be very large. We can model this by working instead with
a noncompact Calabi-Yau threefold which is a fibration of an ALE space over a two-sphere
IP1. In general, the prepotential can be expressed (within the radius of convergence of the
worldsheet instanton sum) as:
F = 1
6
CijkTiTjTk +
∑
{di}≥0,k≥1
c{di}
k3
∏
i
e−dikTi , (1.2)
where Ti are the Ka¨hler classes in nonlinear σ model coordinates, di specifies the degree
of the “primitive” worldsheet instantons, and k labels the multiple coverings. (For a
pedagogical review of mirror symmetry and Calabi-Yau compactifications, with further
references, see the lectures [24].) Clearly, upon making the offending two-cycles large, the
related instanton contributions are vanishingly small, and the scalars determining their size
will haunt us only through the intersection numbers Cijk. (We will find that there are some
subtleties in working directly with the noncompact Calabi-Yau manifolds; these scalars –
corresponding to the Kaluza-Klein modes in the noncompact directions – still appear in
the cubic part of the prepotential and are important when extracting the periods.)
Let us examine a specific model worked out in [18], namely the local model of an SU(2)
singularity (i.e. an A1 fibration). We may model this by the total space N (lF0) of a line
bundle L = O(−2)⊗O(−2) over lF0 = IP1 × IP1; there is also a presentation of N (lF0) as
a noncompact toric variety, which we will discuss in section 3 below. The notation N (lF0)
comes from the fact that the neighborhood of lF0 inside a compact Calabi-Yau manifold
looks like its normal bundle, which in turn is isomorphic to L. If we label one IP1 as the
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base (b) and the other as the fiber (f), then in the limit that gravity is turned off, the
gauge coupling for the U(1) controlling the size of the fiber is [18]:
τf = i
∂2F
∂T 2f
= i

 ∑
n,m≥0;k>0
m2
cn,m
k
qnkb q
mk
f

 , (1.3)
where qb = e
−Tb and qf = e
−Tf . (With gravity present, the prepotential will be the same
but the gauge coupling will contain additional terms, also derivable from the prepotential;
these reflect the difference between special geometry and rigid special geometry. See [25][26]
for reviews and references.) We would like to interpret this full instanton sum in the context
of the low-energy SU(2) gauge theory. Since the W bosons arise from Dirichlet two-branes
wrapped around the fiber, their mass is proportional to |Tf |. The size of the base controls
the gauge coupling:
Tb ≈ 1
g2
,
so that the enhanced symmetry point is Tf → 0, Tb → ∞. (In fact, this identification
is a bit subtle, due to the aforementioned problems with noncompact Calabi-Yau spaces.
We will discuss this below). The authors of [18] show that if this limit is approached as
Tf ∼ ǫ, Tb ∼ −4 log ǫ for ǫ small, and if we make the assumption that
cn,m ∼ γnm4n−3 (1.4)
for fixed n and largem, then after summing overm, the leading (ǫ-independent) expression
for the gauge coupling is: ∑
n
γn
(
e−Tb
T 4f
)n
.
The appropriateness of this scaling limit can be argued more rigorously as in [27]. With
the above expressions for Tb and Tf in terms of gauge theory quantities, it seems that
we have reproduced the spacetime instanton expansion of the prepotential for the N = 2
SU(2) pure gauge theory in d = 4. One of the goals of this paper is to understand how the
relationship between the spacetime and worldsheet instanton sums are realized dynamically
in string theory.
The bulk of this paper is an examination the sum (1.3) from the point of view of the
low energy gauge theory. We will not take the scaling limit discussed except when we want
to explicitly discuss the relation to the work of Seiberg and Witten [20]. The lesson we
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will learn will be that from the gauge theory point of view the sum (1.3) makes sense even
away from the scaling limit; it can be understood completely as the one-loop correction to
the gauge coupling of a five-dimensional gauge theory compactified on an additional circle
of radius gsℓs, with the particle content specified by the string theory compactification.
The existence of this extra dimension could be expected given the relation of type IIA
string theory to M-theory, but the fact that the nonperturbative string theory result (1.3)
can be rewritten as an entirely perturbative field theory calculation in five dimensions (for
compactifications with eight supersymmetries) is interesting.
This paper will proceed as follows: in section 2 we will begin by reviewing some facts
about five-dimensional gauge theories compactified on a circle. We will then discuss how
such theories arise from M-theory. We will find that by summing over multiple covers of
primitive worldsheet instantons, the sum in equation (1.3) looks like a sum over one-loop
terms contributions to the gauge theory prepotential in five dimensions. We will show that
the Gromov-Witten invariants arise naturally and physically as the contributions of the
spectrum of BPS states in the M-theory compactification, weighted appropriately for their
spin. We will then show that the natural ultraviolet scale in the four-dimensional theory
is in fact the “Shenker scale” gsℓs [22]. In section 3 we will write down the expression for
the periods determining the prepotential in terms of generalized hypergeometric functions.
We will extract directly a representation of these periods as integrals of a one-differential
over the non-contractible cycles in Riemann surface, as conjectured in [18]. We will then
show that the differential and Riemann surface have a natural interpretation in terms
of the relativistic periodic Toda lattice, as conjectured by one of the present authors in
[8]. We will also discuss the generalization to SU(n) gauge theories. In section 4 we will
state a conjecture about the relation of the worldsheet instantons in compact Calabi-Yau
models to relevant instantons of strings and fivebranes in the heterotic dual. Finally, we
will present our conclusions and wild speculations in section 5.
2. Four- and five-dimensional gauge theory dynamics from type IIA/M-theory
The minimal supersymmetric five-dimensional gauge theory (N = 1) has eight super-
charges. It arises, for example, from the dimensional reduction of the N = 1 theory in
six dimensions; upon reduction to four dimensions it becomes an N = 2 theory. (For dis-
cussions of five dimensional SUSY theories, see [4][5][8][15].) The massless multiplets are
the hypermultiplet, with four real scalars and a (four-component) spinor; and the vector
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multiplet, with a real scalar, a spinor, and a vector (on shell). There is also a tensor mul-
tiplet, which is electric-magnetic dual to the vector multiplet. We will also be interested
in BPS saturated states with arbitrary spin. They will be classified by the little group for
five-dimensional massive particles,
SO(4) = SU(2)1 × SU(2)2 . (2.1)
2.1. One-loop corrections to the prepotential in five dimensions
We will conduct our analysis at a generic point on the vector multiplet moduli space,
where the gauge group G is broken to its Cartan subalgebra. In the presence of particles
(for example,W bosons) with charges ei under the i
th U(1) and with massM , the one-loop
correction to the gauge coupling
τi =
4πi
g2i
in five uncompactified dimensions is proportional to:
ie2i
∫
d5k
(k2 +M2)2
∼ e2i (divergent const.+ i|M |) (2.2)
When we compactify to four dimensions on a circle of radius R, there are finite size
corrections to (2.2) coming (in the first quantized picture) from worldline instantons of the
particle around this circle. The worldline k-instanton action is 2πk|M |R, and the resulting
correction to the coupling is:
i
2πRk
e−2πRk|M| . (2.3)
Altogether these corrections sum up to:
|M |+ 2
∞∑
k=1
1
2πRk
e−2πRk|M| =
i
2πR
log
(
sinh2(πMR)
)
. (2.4)
One may also arrive at (2.4) by writing the momentum integral in (2.2) as the product of
a four-dimensional integral and a sum over the Kaluza-Klein momentum p/R around the
S1. The result will be a sum of logarithmic corrections
log
(
M2 + p2/R2
Λ2UV
)
over p. One can write this as the logarithm of a product and use the product formula for
sinh(x) to arrive at equation (2.4); in the process, one will have to discard an infinite piece
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corresponding to the linear divergence in eq. (2.2). In the limit MR → 0 (2.4) becomes
the expected four-dimensional logarithmic correction; 1/R takes the form of an ultraviolet
cutoff in this logarithm.
In five dimensions the mass of a particle is the scalar component of a vector multiplet.
Upon the compactification on a circle S1 the vector multiplet gains an extra scalar -
the Wilson loop around S1 making the mass M complex (the actual mass, entering the
Compton wavelength is the absolute value |M |). The imaginary part ofM is the vev of the
Wilson loop. There are five-dimensional gauge transformations, which shift the value of
the Wilson loop by the inverse radius 1R . The formula (2.4) is manifestly invariant under
such transformations:
M →M + ip
R
, p ∈ ZZ
The same remark applies to the coupling. In five dimensions it is a real scalar g−2i , while
upon compactification it gains the theta angle, making up the holomorphic coupling
τi =
θi
2π
+
4πi
g2i
In compactifications with eight supersymmetries, nonabelian gauge groups are generically
broken to their Cartan subalgebra via the Higgs mechanism, due to the scalars in the same
vector multiplet as the gauge bosons. The Weyl group should still be unbroken, so in
particular M → −M should be a symmetry, as it is in eq. (2.4).
When we pass from M-theory on a Calabi-Yau manifold to type IIA string theory on
the same Calabi-Yau, the apparent cutoff will be the scale gsℓs = R11. At weak string
coupling the cutoff we might expect (Ms or maybe M
(11)
p ) is in fact at a lower scale
than 1/R11. Nonetheless, D-brane processes can involve momenta of order 1/R11 even for
R11 ≪ ℓ(11)p [22][23], and so we must include these scales in our discussion. We will meet
this issue again when discussing instanton corrections.
In general, there will be particles with various spins. The effect of the spin for a given
particle will be to add a factor in front of the logarithm in (2.4). If the particle is in
representation r of the gauge group G and in representation j of the massive little group,
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then the contribution is (see Chapter 16, section 6 of [28] for a discussion.1
(−1)f
{
d(j)
3
− 4C(j)
}
C(r) , (2.5)
where f = 0, 1 for bosons and fermions respectively.
2.2. Realizing five dimensional gauge theories in IIA/M theory
For SU(2) gauge theories in four dimensions an exact, nonperturbative (but implicit)
expression for the prepotential is known [20] (for a recent review and references see [21]).
At weak coupling, this expression encodes the instanton corrections. In five dimensions
the gauge theory by itself is ill-defined, since five dimensional gauge theories are nonrenor-
malizable. To discuss them we must either work at one of the nontrivial five-dimensional
RG fixed points [4], or embed the theory in another theory which is well-defined in the
ultraviolet regime, such as string (and possibly M-) theory. The details of the string com-
pactification will determine the masses, charges, spins, and degeneracies of BPS states
which can flow in loops in the five-dimensional theory. For the rest of this section, we will
define the theory as type IIA string theory compactified on the local model described in
the introduction. The answer we get will be different for different local models (such as
normal bundles to lF1 of lF2 divisors of a compact Calabi-Yau manifold [18]), even though
they may realize the same four-dimensional gauge group.
The worldsheet instanton sum gives the complete answer for the prepotential inN = 2,
d = 4 compactifications of type IIA string theory. Analyzing this prepotential gives some
interesting results. As a warm-up, take the limit Tb → ∞ – which is going to weak
coupling from the gauge theory point of view – without necessarily scaling Tf to zero. In
this limit, instantons wrapping around the base decouple. Since c0,m = −2δm,1 [18], the
only contributions in the instanton sum come from multiple covers of the fiber. This sum
is easy and we find that:
2πiτf = −2 log
(
1− e−Tf ) .
1 Here d(j) is the dimension of representation j. For matrices ta representing the Lie algebra
g, C(r) is defined by Tr
[
tatb
]
= C(r)δab. Finally, if Jµν is a Lorentz generator in representation
j, then Tr
[
JαβJµν
]
=
(
gαµgβν − gανgβµ
)
C(j), and by making all of the indices spatial one may
derive an expression in terms of the representation of the little group. In five dimensions, we may
write C(j) = 1
3
Tr
(
~J21 + ~J
2
2
)
, where ~J1,2 are the generators of the two SU(2) factors in the little
group (2.1).
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The authors of [18] note that if we scale Tf → 0 as above, this becomes the one-loop
correction to the gauge coupling in four dimensions, as Tf ∝MW . However, before taking
this scaling limit we can see that up to a piece linear in Tf , this correction is:
2πiτf = −2 log sinh2
(
Tf
2
)
, (2.6)
which is the result of a loop integral on IR4×S1, provided Tf = 2πMWR. The missing piece
is the one-loop correction in five uncompactified dimensions. In M-theory compactifications
on Calabi-Yau threefolds, this one-loop correction shows up in the classical prepotential
(1.1)[5][14][15](close to the enhanced gauge symmetry point and at weak coupling). Our
interpretation of eq. (2.6) makes a bit more sense if we note that
MW =
1
2π
Tf
ℓsgs
,
as the W -boson is a wrapped D2-brane. We know that type IIA string theory is dual
to M-theory on an additional S1, and the radius of this S1 is R11 = gsℓs. So we get
the expected expression, log sinh2 (πMWR11). The relation between the five- and four-
dimensional couplings is:
1
g24
∼ 2πR
g25
which is why (2.6) is missing the the factor of 1/2πR that appears in (2.4).
The fact that classical string theory reproduces loop effects of D-branes is no sur-
prise [29]. In this example the relation between these two calculations is easy to see. The
one loop answer in the gauge theory comes from M-theory 2-branes wrapped around the
fiber; the terms e−2πkMWR11 come from worldline instantons wrapping k times around the
additional S1 of the M-theory compactification. From the string theory point of view these
are strings wrapping k times around the fiber and once around the S1. But these con-
figurations are the same [30]: multiple covers are really multiple instantons. The same is
true for multiple windings of worldline instantons. Thus, M-theory provides a geometrical
picture of how string effects resum to D-brane effects.
At this point the reader might object that the prepotential should be independent
of R11, since the type IIA dilaton lives in a hypermultiplet. The prepotential is in fact
independent of gs when we express the prepotential in terms of the appropriate coordinates
on the vector multiplet moduli space. The radius enters when we try to identify these
coordinates with masses and energy scales that we might measure in physics experiments.
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(This identification also leads to the emergence of R11 as the ultraviolet cutoff near the
conifold point of type IIB compactifications on Calabi-Yau threefolds [22].)
Now let us look at the full worldsheet instanton sum for our noncompact Calabi-Yau
example. Returning to eq. (1.3) and summing over k, we find that up to terms linear in
Tb,f :
2πiτf =
∑
n,m
cn,mm
2 log sinh2
(
nTb +mTf
2
)
(2.7)
This looks like a sum of one-loop integrals. We can give this sum the same interpretation
we gave the weak-coupling limit in the previous paragraphs. We are missing an important
piece, though, namely the linear terms promoting log(1− e−nTb−mTf ) to the summands in
eq. (2.7). At present we do not understand their origin; they will become important when
the entire lF0 divisor shrinks to a point.
If we think of the type IIA compactification as an M-theory compactification on an ad-
ditional S1, we know that M2-branes wrapped around holomorphic curves in the homology
class
n[βb] +m[βf ] ∈ H2(N (lF0),ZZ) ,
give rise to BPS states. (Here [βb,f ] are the homology classes of the base and fiber of the
Hirzebruch surface.) We label these states by their bidegree (m,n). Their central charges
are:
Zm,n ∝ (nTb +mTf )/gsℓs.
Their mass is therefore M(n,m) = |nTb +mTf |/gsℓs, so that the arguments of the log sinh
terms look like M(n,m)R11 as expected. The m
2 part of (2.7) is simply the charge of the
2-brane under U(1)f .
Furthermore, we claim that the branes will carry instanton number n. The simplest
way to see this is to note that in M-theory compactifications on Calabi-Yau manifolds,
there are Chern-Simons couplings of the form [1][2][31]
SChern−Simons ∝
∫
IR5
CijkA
i ∧ F j ∧ F k . (2.8)
The models we are interested in are fibrations of ALE spaces over the base IP1. By analogy
with the compact Calabi-Yau case [32], we expect that the intersection numbers will include
terms of the form
Cbij = ηij ,
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plus terms independent of [βb]. Here η is the intersection matrix for divisors dual to cycles
of the ALE fiber which are invariant under the monodromy group of the fibration, and
has signature (1,−1, . . . ,−1). There are of course subtleties here since the ALE space is
noncompact. In particular, there will be a vector multiplet arising from the Kaluza-Klein
mode in the noncompact direction. If we have reached this noncompact example by making
a Ka¨hler class large, it will be the scalar corresponding to this class; call it tn.c.. Thus we
still expect the scalar of this multiplet to show up in the cubic terms of the prepotential.
Since we are looking at an example with a low-rank gauge group, we will assume that
this multiplet arises from the scaling limit of a compact Calabi-Yau. Our lF0 example is
contained in the degree 24 hypersurface in IP1,1,2,8,12 as the base of an elliptic fibration,
and may be reached by making the elliptic fiber large. The divisor dual to the elliptic fiber
will be the base lF0. The divisor dual to the base IP
1 will be the remnant of generic the
K3 fiber, which is the bundle O(−2) over the fiber IP1; similarly, the dual to the fiber will
be the line bundle O(−2) over the base.2
Close to the enhanced gauge symmetry point, and at weak coupling, the authors of
[5][14] have shown that there is a term of the form
∫
IR5
Ab ∧ F f ∧ F f
in the Lagrangian (where Ab is in the vector multiplet with tb.) The topological current
j = ⋆F f ∧ F f (2.9)
is globally conserved (cf [4]); this charge is just the instanton number. Eq. (2.8) couples
Ab to this charge; the equations of motion then state that field configurations with charge
n under this U(1) also have instanton number n with respect to U(1)f . Note that a related
argument for the type IIA picture was made in [18]to show that worldsheet instantons
wrapping around the base carried instanton number with respect to the fiber IP1. This
argument began with the term B∧F ∧F that appears in IIA compactifications onK3 [33].
Both this term and the term in eq. (2.8) arise from the same term in eleven dimensions.
Finally, we would like to interpret the coefficients cn,m in terms of the five-dimensional
gauge theory. The latter suggests that this number is more than just the numbers of
curves of bi-degree (n,m). Since the wrapped two-branes will generically lead to the
2 We would like to thank P. Aspinwall for suggesting these identifications.
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states with spin, there will be contributions to cn,m of the form (2.5). We may follow
arguments due to Witten [3] in finding this contribution. For N = 1 theories in five
dimensions, the supercharges transform as 2(1/2, 0)⊕2(0, 1/2) under the little group (2.1).
Since the two-branes are wrapped around holomorphic curves they give rise to BPS states
breaking half of the supersymmetries [30]; let them break the supercharges transforming
nontrivially under SU(2)2. The broken supercharges give rise to four fermion zero-modes;
upon quantizing them we can write them as two pairs of fermionic creation and annihilation
operators. Allowing these operators to act on the obvious vacuum state. we get two
bosonic states and two fermionic states which must transform as 2(0, 0) ⊕ (0, 1/2) – i.e.
they form a “half-hypermultiplet.” In addition, the two-brane configurations will have a
moduli spaceM(n,m), and the fermionic partners (under the unbroken supersymmetry) of
the moduli space coordinates give rise in the usual way to forms on M(m,n) (for a recent
review, see [34]). The supersymmetry operators act as differentials on this space, and
BPS states are harmonic forms on the moduli space. As M(m,n) is Ka¨hler, the Dolbeaux
cohomology of this moduli space has a natural SU(2) action [35], provided the space has a
proper compactification (which is the case when this moduli space is the moduli space of
worldsheet instantons); we can write the action such that forms inHp,q have J (3) eigenvalue
1
2
(p+ q − dimCMn,m) .
J+ acts on forms via the wedge product with the Ka¨hler form ω of M(m,n) and J− is its
adjoint with respect to the Hodge pairing. In fact this SU(2) is just SU(2)1.
3 Forms of
odd degree are spacetime fermions and forms of even degree are spacetime bosons. We
can organize the cohomology into SU(2) multiplets which will transform as (k/2, 0) under
(2.1). The complete spectrum comes from tensoring the representations for a given k with
the half-hypermultiplet coming from the broken supersymmetries leading to states in the
representation 2(k/2, 0)⊕ (k/2, 1/2). For this representation the contribution from (2.5)
is just
2(−1)k/2(2k
2
+ 1) .
3 Had we studied the BPS states in the type IIA theory on K3, the corresponding moduli
space of curves would be hyper-Ka¨hler and the little group SO(5) would act on its cohomology
in accordance with [36][37]
12
(−1)k/2 counts the ZZ2 grading of the degree of the forms on Mm,n contributing to this
SU(2) multiplet. Thus, summing over all of the BPS states at this degree (as we only have
to sum over BPS states [38]), we find that up to numerical factors independent of (n,m),
cn,m = χ(Mn,m) . (2.10)
This is the result we expect from string theory [39], but with an new interpretation; the
Gromov-Witten invariants are the contributions of wrapped BPS two-branes to the one
loop beta-function of the five dimensional theory. 4 However, just as in the discussion of
the weak-coupling limit of (1.3), the relation of M-theory to type IIA string theory means
that these should be equivalent ways of describing the expansion of the prepotential in
e−Tb , e−Tf .
2.3. Scaling limits of string- and M-theory compactifications
We have already argued that the Ka¨hler class Tb of the base of the fibration is the
gauge theory coupling [32]:
Tb =
1
g2
.
(The gauge theory coupling g is distinct from the type IIA string coupling gs.) The charged
gauge bosons arise from D2-branes wrapping around the appropriate 2-cycle in the K3
fiber [19]; their masses are
T if
ℓsgs
=M iW . (2.11)
Written in terms of physical parameters, eq. (2.7) becomes
τf = −i
∑
n,m
cn,mm
2 log sinh
(
M(n,m)R11
2
)
, (2.12)
where M(n,m) is the mass of the two-brane wrapped around the cycle n[base] +m[fiber].
M(n,m) and R11 will be different numbers depending on whether we measure them with
the type IIA metric or 11d supergravity metric, but their product is a ratio of length scales
and this will be invariant under metric rescalings.
4 Earlier work using mirror symmetry to count the degeneracy of wrapped 2-branes can be
found in [40]. (See also subsequent work in [41][42].) In this problem we find that the relevant
Euler character is not counting the degeneracy of BPS states, but rather the weighted sum that
appears in front of the one-loop β-function.
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In four dimensions, dimensional transmutation relates the gauge coupling to the QCD
scale ΛQCD. In order to make this identification we need to know at what ultraviolet
scale the gauge coupling is defined. Of course, string theory is a finite theory, so that the
gauge coupling is what it is. However, when discussing the low energy physics we integrate
out physics above the low energy scale we are interested in, and if we wish to discuss
renormalization group invariants (and thus appeal to dimensional transmutation) we need
to know up to what scale we are integrating out virtual processes. Once we know ΛUV,
the fact that
Λ4e
− 1
g2(Λ)
is an exact renormalization group invariant for d = 4 supersymmetric theories means that
we can write
Λ4QCD = Λ
4
UVe
− 1
g2(ΛUV) .
Naively ΛUV = ms, but given the results of [22][23] this is a questionable assumption. In
particular, we have seen that our analysis of the weak-coupling limit naturally identifies
1/R11 as the UV scale. We will now analyze the instanton sum to show that the gauge
coupling is also naturally defined at this scale.
In order to extract the four-dimensional instanton sum, [18] force T 4f , e
−Tb to become
small at the same rate by making them both proportional to a small dimensionless param-
eter ǫ4. For the example we have been studying, the full instanton sum (1.3) becomes
F =
∑
n
cn
(
e−Tb
T 4f
)n
(2.13)
to leading order in ǫ. This should be the familiar spacetime instanton expansion, once
we have properly identified the Calabi-Yau moduli with physical parameters in the gauge
theory. Substituting in (2.11), eq. (2.13)becomes
F =
∑
n
cn
(
e−Tb
ℓ4sg
4
sM
4
W
)n
.
We can rewrite this as
F =
∑
n
cn
(
ΛQCD
MW
)4n
if we identify the UV scale with
ΛUV =
1
gsℓs
=
1
R11
.
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Then the QCD scale Λ is:
Λ4QCD =
m4s
g4s
e−Tb .
The ultraviolet scale shown here is exactly the ultraviolet scale found in [22]. In fact, our
arguments are simply the weak coupling version of the arguments there. The fact that
the gauge coupling is naturally defined up to this scale is no surprise given the results of
[23]; there are processes with momentum exchange up to this scale, so we need to start
integrating out virtual processes from this scale down to the low energy scale in order to
recover the (Wilsonian) low-energy effective action.
Given the above identifications, we can see directly that the scaling limit in [18] is the
four dimensional limit of a five dimensional theory. We have just shown that
Tf =MWR11
e−Tb = (ΛQCDR11)
4
.
(2.14)
Given this identification of the moduli with physical gauge theory parameters, the scaling
R11 ∼ ǫ then reproduces the scaling limit of [18].
3. Local mirror symmetry and relativistic integrable systems
To date the most powerful method for calculating worldsheet instanton corrections is
mirror symmetry. The cases for which finding the mirror manifold is more than an art
are intersections of hypersurfaces in toric varieties. In these cases, the mirror is straight-
forwardly extracted from the toric data describing the manifold, as described by Batyrev
[43][44][45]. For noncompact Calabi-Yau toric varieties this story is less clear. Batyrev’s
presentations depends on relating monomial deformations of the defining polynomial of
a hypersurface to Ka¨hler deformations of the mirror, but for our example there are no
such monomial deformations. The authors of [18] have argued that the relevant mirror
geometry for noncompact Calabi-Yau toric varieties is a Riemann surface. In cases that
the singularity of the noncompact model can be imbedded in a compact toric variety, this
surface sits naturally inside the compact Calabi-Yau. However, a local model can have
a singularity corresponding to a gauge group of arbitrary rank and there may not be a
compact Calabi-Yau containing such a singularity, so that it is of some interest to find
the answer directly from the noncompact manifold. In fact, Batyrev’s conjectures really
provide the Picard-Fuchs equations (and thus the relevant hypergeometric functions) for
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the periods of the original Calabi-Yau surface. If we simply extract these hypergeomet-
ric functions we will find that they have a natural integral representation as periods of a
Riemann surface. We will find, however, that blindly applying these techniques causes us
to miss an important piece of the physics, namely the dependence of the prepotential on
the Kaluza-Klein modes along the noncompact direction. We will find that including this
scalar is necessary if the periods we derive are to be related to a prepotential.
3.1. Extracting the local mirror
Givental [46][47] claims to have proven that the genus zero worldsheet instanton cor-
rections for toric varieties and hypersurfaces in toric varieties can be described by appro-
priate hypergeometric functions as described in [43][45]. His method involves localization
formulae for the equivariant Gromov-Witten invariants. A full discussion of toric vari-
eties, localization, and Givental’s proof will appear in [48]; for now we will simply use his
presentation of the relevant hypergeometric functions.
For the purposes of this discussion let us concentrate on the local model N (lF0). This
can be described as a noncompact Calabi-Yau toric variety with the charge vectors:
Q(1)k=1···s
Q
(2)
k=1···s
 =  1 1 0 0 −2
0 0 1 1 −2
 , (3.1)
describing a U(1)2 action on C5. (Our notation follows that of [49], which also discusses
noncompact toric varieties. Other nice discussions of toric geometry for string theorists,
with ample references, are contained in [50] and [51].) The generating function for the
prepotential and the periods for the Ka¨hler moduli is (the coordinates t1,2 are different
from T1,2!):
I({t}; x1, x2) =
∑
a1,a2≥0
e−t1(x1+ta1)−t2(x2+ta2)
∏2a1+2a2−1
ℓ=0 (2x1 + 2x2 + ℓt)∏a1
m=1(x1 +mt)
2
∏a2
n=1(x2 + nt)
2
(3.2)
The periods are found by expanding in x1,2 mod x
2
1, x
2
2. Givental [46][47] has shown that
this generating function has the form
I = e−(T0+T1x1+T2x2) (1 + o(1/t)) , (3.3)
where T are the “nonlinear σ-model coordinates” [50][49]. We can read the change of
coordinates off of the terms in (3.2)(3.3) linear in x/t, and for hypersurfaces in toric
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varieties this specifies the mirror map. Here T0 is the fundamental period which in our
discussion vanishes.
We can also derive the Picard-Fuchs equations from the generating function in (3.2).
For the case at hand the equations are as given in [18]:
D1 = ∂2t1 − q1 (2∂t1 + 2∂t2 + t) (2∂t1 + 2∂t2)
D2 = ∂2t2 − q2 (2∂t1 + 2∂t2 + t) (2∂t1 + 2∂t2) .
(3.4)
These equations have a constant solution. The operators D1,2 annihilate (3.2) mod x21, x22.
In fact, the recursion relations for the coefficients of e−(d+x)t in eq. (3.2) leads to the
equations
D1,2I = x21,2G(t1, t2) .
Thus, only the coefficients of (1, x1, x2, x1x2) are annihilated by D1,2. Indeed, as x1, x2 are
the basis for H2(lF0) they satisfy the relations x
2
1,2 = 0 (cf [49]).
T is easily seen to be
T1,2 = t1,2 − 2f(t1, t2) (3.5)
where
f(t) =
∑
a1,a2≥0
(2a1 + 2a2 − 1)!
(a1!)2(a2!)2
qa11 q
a2
2 . (3.6)
The last non-trivial solution of D1,2 = 0 is the coefficient of (3.2) in front of x1x2:
TD = t1t2 − 2(t1 + t2)f(t)− 4(g1 + g2) = T1T2 + 4(f2 − g1 − g2) (3.7)
where:
g1(t) =
∑
a1,a2≥0
(2a1 + 2a2 − 1)!
(a1!)2(a2!)2
(
2a1+2a2−1∑
m=a1+1
1
m
)
qa11 q
a2
2
g2(t) =
∑
a1,a2≥0
(2a1 + 2a2 − 1)!
(a1!)2(a2!)2
(
2a1+2a2−1∑
m=a2+1
1
m
)
qa11 q
a2
2
(3.8)
The four periods (1, T1, T2, T
D) are all of the solutions to the Picard-Fuchs equations (3.4).
At this point there appears to be a problem, as we expect a term cubic in T to serve as
the prepotential, and we would expect two dual periods quadratic in T . The resolution
has been discussed already, namely that these equations do not take into account the
additional scalar T3 coming from the Kaluza-Klein mode in the noncompact direction.
This will not appear in the instanton sum but it will appear in the prepotential. One can
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convince oneself of this by imbedding the local model into a known compact Calabi-Yau.
For example, the local model of lF2 discussed in [18] can be imbedded in the degree 24
hypersurfaces in IP41,1,2,8,12, at the point where this manifold can be described as an elliptic
fibration of lF2. (This model has been discussed in [52].) There are three Ka¨hler classes:
Tf,b measures the sizes of the fiber and base of the lF2, and Tk measures the size of the K3
which is the elliptic fibration of the fiber of lF2. (The corresponding algebraic coordinates
tk, tb, tf are called log x, log y, log z in [52].)
In the limit Tk → ∞, the instanton corrections to the prepotential will not depend
on Tk. By additionally demanding that the periods do not depend on Tk, we find that
they will satisfy the Picard-Fuchs equations for the local model described in [18]; and
indeed there are only four solutions, with the terms polynomial in T proportional to
(1, Tf , Tb, T
2
f − TfTb). The last solution (the solution with a term quadratic in T ) is:(
∂
∂Tk
− 2 ∂
∂Tb
)
F({T}) .
We can see in this example that by blindly extracting the Picard-Fuchs equations for
noncompact toric varieties, we will miss an important piece of the physics. We hope to
return to this issue in the future [48].
Now let us examine T1, represented as the infinite series:
T1 = t1 − 2
∑
a1,a2≥0
Da1,a2q
a1
1 q
a2
2 (3.9)
Recall that Da1,a2 =
(2a1+2a2−1)!
(a1!)2(a2!)2
. It is quite easy to relate this series to a period of the
(non-compact) elliptic curve [8]:
F (w1, w2) ≡ √q1
(
w1 +
1
w1
)
+
√
q2
(
w2 +
1
w2
)
= 1 (3.10)
sitting in the (w1, w2) plane. Start with the identity:
∑
a, b, c, d ≥ 0
a+ b+ c+ d > 0
XaY bZcQd
(a+ b+ c+ d− 1)!
a!b!c!d!
= −log(1−X − Y − Z −Q)
Now put X =
√
q1w1, Y =
√
q1w
−1
1 , Z =
√
q2w2, Q =
√
q2w
−1
2 . Let us suppose that
|q1,2| << 1. Take the contour integral
dw1
w1
dw2
w2
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around w1 = w2 = 0 along a contour |w1,2| = ǫ1,2, such that ǫ1,2, |q1,2|ǫ1,2 << 1. The contour
integration enforces the constraint a = b, c = d. Thus,
f(t) = − 1
(2πi)2
∮
dw1
w1
∧ dw2
w2
log (1− F (w1, w2)) (3.11)
which makes T1 a period of the restriction of the differential
λ = −2 1
2πi
log(w1)
dw2
w2
(3.12)
onto the curve F = 1. This curve is exactly the curve derived for lF0 in [18].
3.2. The four-dimensional limit
As R→ 0 our Riemann surface representation of the periods of the prepotential should
become the Seiberg-Witten representation [20]. Start by writing the parameters in (3.9)
and (3.10)as:
q1 =
1
4
+R2u+ . . . q2 = R
4Λ4
w1 = 1− 2iRp+ . . . w2 = R2χ+ . . . ,
(3.13)
and take the limit R → 0. We anticipate that near q1 ∼ 14 the series (3.9) is about to
diverge, and the most important contribution comes from the terms with very large a1.
Asymptotically:
Da1,a2 ≈
4a1+a2a
2a2−
3
2
1
2
√
π(a2!)2
, a1 →∞ (3.14)
(compare to the prediction ca1,a2 ∝ a4a2−31 of [18]). Thus f(t) behaves as:
f(t) ∼
∑
a
(4R4Λ4)a
2
√
π(a!)2
∑
b
b2a−
3
2 (1 + 4R2u)b
∼ iR
√
u
π
∞∑
n=0
(2n− 32 )!
(n!)2
(
Λ2
2u
)2n (3.15)
which is one of the periods of the differential
λSW = −2 1
π
Rp
dχ
χ
(3.16)
The curve (3.10) goes in this limit to the Seiberg-Witten curve:
−p2 + u+ 1
2
(
χ+
Λ4
χ
)
= 0 (3.17)
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3.3. Relations to integrable systems, and generalization to SU(n)
The Seiberg-Witten curve (3.17) above is the spectral curve for the periodic A1 Toda
lattice. In general it is now known that the periods of the prepotential for four-dimensional
N = 2 gauge theories with gauge group G are periods of the Riemann surface described by
the spectral curve for the periodic Toda lattice living on the Dynkin diagram dual to the
diagram for G [53][54]. The differential one integrates in just the action differential pdq
of the integrable system. One of the present authors [8] conjectured that one may recover
the prepotential for the five dimensional N = 1 gauge theory on IR4×S1 from the periods
of the spectral curve for the relativistic Toda lattice described in [55]. For SU(2) the curve
and differential are exactly as presented in eqs. (3.10)(3.12). It is clear that the curve
and periods will in general be highly dependent on the details of our realization of gauge
symmetry in the Calabi-Yau compactification. For example, we may realize SU(2) via
noncompact Calabi-Yaus containing any of lF0,1,2 as divisors. When one extracts the four-
dimensional answer via a scaling, all of these compactifications lead to the Seiberg-Witten
story. Away from this scaling limit, however, one will find very different curves. This is
hardly a surprise; since five-dimensional theories are nonrenormalizable the prepotential
will be very dependent on the microscopic details of the theory. On IR4 × S1 the effects
which are nonperturbative from the four-dimensional point of view depend on the details of
the particle spectrum in five dimensions which in M-theory compactifications will depend
on the details of the compactification manifold.
The SU(n) generalization described in [8] can also be realized via the same techniques
described above. The relevant Calabi-Yau toric variety can be described via the charge
vectors
Q
(1)
k=0···n+2
Q
(2)
k=0···n+2
...
Q
(n)
k=0···n+2

=

1 1 −1 0 0 0 0 . . . 0 0 −1
0 0 1 −2 1 0 0 . . . 0 0 0
...
0 0 0 0 0 0 0 . . . 1 −2 1
 . (3.18)
acting on
z0, z1, y0, . . . , yn .
This is an An−1 fibration over IP
1. Using the methods of the previous section, we find that
the periods of the prepotential are described by the Riemann surface described in [8],
b(z +
1
z
) + y−n/2
n∑
k=0
αky
k = 0 ; (3.19)
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to get the periods we integrate
λ =
1
2πi
log(z)
dy
y
over the curve (3.19).
4. Comparison of the instanton sum in the heterotic dual
There is ample evidence that the heterotic string compactified on K3×T2 is dual to
the type IIA string compactified on a K3-fibered Calabi-Yau threefold [56][57][32] (for a
thorough review and references see the lectures [58].) In general, no explicit map between
the worldsheet instanton sum of a type IIA compactification and the spacetime instanton
sum on the heterotic side is known for N = 2 compactifications. For N = 4 compactifica-
tions this identification has been made in [59], where the authors provided some evidence
that genus one worldsheet instantons on the T2 factor of the type IIA compactification
(on K3×T2) were mapped to the heterotic five-brane wrapped around T6. The authors
of [59] then made the argument that the N = 2 case could be described as follows. If we
begin with the SO(32) heterotic string compactified on T4, we can find the dual type IIA
string compactified on K3 by wrapping the “small instanton” five-brane around the torus
[60]. The fivebrane has an SU(2) gauge group on its worldvolume and the Wilson lines
around the T4 have the moduli space T4/ZZ2, a special K3 but a K3 nonetheless. One
may understand heterotic-type IIA duality in d = 4, N = 2 compactifications by adiabat-
ically fibering the K3 of the type IIA theory and a T2 factor of the heterotic theory over
a IP1 [61]. A worldsheet instanton of the type IIA string theory wrapped around the base
of the resulting K3 fibration will then look on the heterotic side like a heterotic fivebrane
wrapped around K3×T2.
However, there is more to the worldsheet instanton sum in these Calabi-Yau models
than the instantons wrapping around the IP1 base of the K3 fibration. If the type IIA
compactification has enhanced gauge symmetry corresponding to perturbative enhanced
gauge symmetry in the heterotic dual, the gauge symmetry will arise from IP1s in the
generic K3 fiber (more precisely, in a monodromy-invariant subgroup of the Picard lattice
of the fiber). As we have discussed in the previous section, the worldsheet instantons
wrapping these IP1s can also be described as worldvolume instantons of M2-branes wrapped
around S1 × IP1. The W bosons on the heterotic side correspond to heterotic strings and
so we might expect the full instanton sum on the heterotic side to be built up from 5-brane
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and string instantons; the fivebrane provides a “core” for the instanton solution, carrying
the instanton number, and the full solution is built up by a superposition of heterotic
worldsheet instantons.
To get better intuition for this it is useful, following the analysis of the previous
section, to lift the discussion to five dimensions. It has been conjectured that M-theory
compactified on a Calabi-Yau manifold is dual to the heterotic string compactified on
K3 × S1 [6]. We will see how this can be deduced from the four-dimensional duality in
an example below. On the M-theory side we know that the instanton sum we get by
compactifying the theory on an additional circle comes from two-branes wrapped around
cycles of the Calabi-Yau. If we can match these particles to particles on the heterotic
side, we can then match the instanton sum in four dimensions once we compactify on an
additional circle, as in both theories the instantons will arise from worldline instantons
of the five-dimensional particles. These particles will be bound states of heterotic strings
and fivebranes. Computing their degeneracy and spin seems quite difficult. On the other
hand, if we are wiling to accept an additional duality conjecture, namely heterotic/type I
duality, the bound states are bound states of D5-branes and D1-branes, the latter being
the heterotic string solitons of the type I theory [62]. The mapping between instanton
configurations in four dimensions lifts to a map between M-brane and D-brane bound
states bound states in five dimensions.
To see how this might work, we can examine a specific model which we can relate to
the discussions of type IIA physics in the previous section. The heterotic dual to the local
models we have been using is a bit obscure (for example, one may use these local models
to “engineer” gauge groups of arbitrary rank, while the rank of perturbative heterotic
string compactifications is limited.) For the purposes of this section we will choose as
our type IIA compactification manifold the degree 24 hypersurface in in IP41,1,2,8,12 (this
example has been worked out in detail in reference [58], which also contains references
to the original literature.) This Calabi-Yau compactification contains the surface lF0 as a
divisor at generic points in its space, and is in fact an elliptic fibration over this Hirzebruch
surface. The local model of the previous section can be thought of as a local description
of the lF0 divisor in this compact Calabi-Yau. The model has three vector multiplets; two
correspond to the sizes of the two IP1s in lF0 and the last corresponds to the size of the
generic elliptic fiber. The heterotic dual is the E8 × E8 string the gauge bundle on the
K3 has instanton number 12 in each E8 factor. The vector multiplets correspond to the
geometry of the T2 (T, U) and the heterotic dilaton S.
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For this model, the map between the Ka¨hler classes of the Calabi-Yau compactification
and the heterotic vector moduli are straightforward and well-known. As usual, S = 1/g2
is the four-dimensional heterotic dilaton, and U and T are the Ka¨hler class and complex
structures of the T2 factor of the heterotic compactification. Let Tb, Tf , Te be the Ka¨hler
classes of the base of the K3 fibration, the base of the generic K3 fiber, and the generic
elliptic fiber respectively (of course, for elliptic fibrations over lF0, we can choose either IP
1
to be the base of the K3 fibration [63].) The relation between these moduli is well known:
Tb ∝ S
Tf ∝ (T − U)
Te ∝ U
(4.1)
On the type IIA side, let us take R11 →∞ while fixing the areas in the M-theory metric.
In this limit,
Tb,f,e ∼
√
R11
ℓp,11
,
T and U both become large if one of the radii of the T2 becomes large. S becomes large
at the same rate if we fix the five-dimensional coupling to be finite.
In five dimensions the number of vector multiplets is h1,1 − 1 [1]. The U(1) corre-
sponding to the Ka¨hler class of the fiber on type IIA side is gµ6+Bµ6 on the heterotic side
[6](where 6 is the index along the S1). The symmetry will be enhanced to SU(2) when
charged W bosons become massless; these come from heterotic strings winding around the
S1 on the heterotic side and two-branes wrapping the fiber IP1 on the type IIA side. The
E8 ×E8 string theory in question also has a heterotic dual; the dual string is the heterotic
five-brane wrapped around the K3 [64]. For the dual pair we are studying, this heterotic-
heterotic duality is mapped to fiber-base duality on the type IIA side, if we think of the
Calabi-Yau as being an elliptic fibration of lF0 [63]. If we wrap the heterotic fivebrane
around the additional S1 of the five dimensional compactification, it makes sense that it
corresponds to two-branes wrapped around the base IP1 in the type IIA compactification.
In the type IIA compactification on K3, we can isolate the neighborhood of lF0 for
the purposes of computing the instanton sum by making Te large. (On the heterotic side
this would correspond to making U and T large but their difference finite.) The claim
is that the two-brane wrapped around the homology cycle n[base] + m[fiber] is dual to
the bound state of n fivebranes wrapped on K3 × S1 and m heterotic strings wrapped
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around S1. Bound states of these objects seem hard to compute, but in this case there is
a well-studied type I dual, namely the Gimon-Polchinski model [65]. The heterotic string
in this model is the D1-brane, and the dual heterotic string is the D5-brane wrapped
around the K3 [65][66]. For proving type IIA-heterotic duality this relationship is not
very helpful as we would at best trade one duality conjecture for another; however if we
accept the type I-heterotic duality (or at least accept the mapping between the relevant
strings and branes), the D-brane calculations might shed some light on the structure of
type IIA-heterotic duality.
The moduli space of the D1-brane/D5-brane system can be reduced to an effective
two-dimensional sigma-model, a la´ [67][68][69][70]. In particular we can take theK3 surface
to be small and study the effective theory on S1. The D5-brane theory will be U(n) for n
D5-branes [65][66]. The D1-branes should appear as instantons [71][69][72]on the part of
the D5-brane which is wrapped around theK3. We also need to understand the worldsheet
supersymmetry. The states should be BPS states which break half of the supersymmetries
of the heterotic theory (because the dual M-theory two-brane configurations do.) Following
the discussion in [73], we start with the heterotic string in ten dimensions. It has one
supercharge transforming as a 16 of SO(9, 1). This representation decomposes into the
representation
16→ ((1
2
, 0), (
1
2
, 0))+ + ((
1
2
, 0), (0,
1
2
))− + ((0,
1
2
), (
1
2
, 0))− + ((0,
1
2
), (0,
1
2
))+ (4.2)
of the group
SO(4)× SO(4)× SO(1, 1)
(the superscript denotes the SO(1, 1) chirality.) The second SO(4) = SU(2)1 × SU(2)2 is
the spatial rotation group of the uncompactified directions. Let the K3 break the super-
symmetries transforming under (1/2, 0) in the first SO(4) factor. The fivebrane wrapped
around K3 is the dual heterotic string; it leads to a BPS state breaking half of the space-
time supersymmetries. Let it break supersymmetries transforming under (1/2, 0) of the
second SO(4) factor (i.e. transforming as a doublet of SU(2)1.) The fermion zero modes
of the D1-brane have a single chirality (as the D1-brane of type I string theory is supposed
to be the heterotic string)[62], and before introducing the K3 and the D5-brane we expect
eight of them. We can orient the D1-brane so that the zero-modes – and thus the su-
persymmetries broken by the D1-brane – have negative chirality with respect to SO(1, 1).
The supersymmetries unbroken by the K3 but broken by the fivebrane and onebrane lead
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to fermion zero modes transforming as ((0, 1/2), (1/2, 0))−, which will become left-moving
superpartners of the translational zero-modes. The unbroken supersymmetries transform
as ((0, 1/2), (0, 1/2))+, so we have a (4, 0) sigma-model. The SU(2) R-symmetry is the fac-
tor of the spatial rotations in 4+1 dimensions under which the unbroken supersymmetries
transform.
It would be nice to be able to show that the contributions of these bound states to the
prepotential of the SU(2) gauge theory on the heterotic side match the contributions we
have discussed on the M-theory side. The comparison is similar in spirit to the calculations
in [40][41][42]. In particular, for M D1 branes and n D5-branes wrapped around the circle,
we would expect that for fixed n and large M, the contribution should be
γnm
4n−3
as it is on the M-theory side [18]. Unfortunately we have not been able to reproduce this
result at present, but we will instead present our speculations as to how the calculation
should be set up.
As in our study of M2-branes, the broken supersymmetry should form a half-
hypermultiplet transforming as 2(0, 0)⊕ (0, 1/2) under the five-dimensional massive little
group. Because the bound states we are interested are BPS states, the left-moving sector
must be in the Ramond ground state. This ground state can be decomposed into represen-
tations of the SU(2) R-symmetry, which is the same as the spin under SU(2)1. As before,
for each such representation with spin k/2, the contribution to the prepotential for the
one-loop contribution of this bound state should be proportional to
(−1)k(k + 1) .
Generally we must also include contributions of the right-movers. Because the heterotic
strings and their duals correspond to W -bosons, they must each have one unit of momen-
tum around S1. It seems, then, that the quantity to calculate is related to the partition
function
Tr
{
(−1)F q¯L¯0qL0
}
,
projected onto L¯0 = 0, L0 = m + n. Note that the sigma model is somewhat more
complicated than the usual effective sigma model for D1-D5 bound states in type I models.
In particular, the Gimon-Polchinski model contains D5-branes (let us label them as D5′
branes) filling the space transverse to the K3, as well as the usual D9-branes. So there
will be 15′ and 55′ strings, and we expect the target space of this effective sigma model to
be somewhat more complicated than the usual instanton moduli space.
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5. Conclusions
The principal lesson of this paper is that if we isolate a developing singularity in a
Calabi-Yau manifold, it still makes sense to claim that we have isolated the gauge theory
dynamics if we understand the gauge theory as living on IR4 × S1. In addition, it appears
that this point of view may be helpful in understanding the relation between spacetime and
worldsheet nonperturbative effects both within the type IIA framework and in the relation
between type IIA and heterotic compactifications. One surprise is that the full four-
dimensional instanton sum is perturbative from the point of view of the five-dimensional
gauge theory.
There is clearly some unfinished work in this paper. First, we need to understand the
absence of the linear terms in the gauge coupling that promote log(1−e−t) to log sinh(t/2).
One issue is that this term has a natural interpretation in the M-theory picture as being
the loop effect of a wrapped M2-brane in five uncompactified dimensions, but there is no
obvious (geometrical) map to a string theory process as there is for the instanton sum.
Secondly, we need to understand better how to treat the Ka¨hler classes that are missing
from the discussion in section 3. Finally, it would be nice to show that the string-fivebrane
bound states we have discussed give the same contribution to the prepotential of the
heterotic theory as the dual two-brane states give to the prepotential of the type IIA
theory.
One of the original motivations of this work was to calculate the worldsheet instanton
sum directly for toric varieties using localization techniques described by Kontsevich [74].
Since then, Givental [46][47] claims to have proven a piece of mirror symmetry (at least,
the resulting expressions for the prepotential and the mirror map), using a variant of these
techniques to calculate the equivariant Gromov-Witten invariants. It would be nice to
translate this proof into something a bit more physical [48]. Our hope is that this will not
be a completely academic exercise. For example, some of the structure of the calculation
outlined by Kontsevich (i.e. the graphical expansion) might have a direct interpretation
in terms of D-brane states.5 We might also hope that this structure would appear in the
heterotic dual, in particular in the bound state problem we outlined in section 4.
We can imagine arguing that the D-brane bound state calculation of section 4 can
be deduced entirely from gauge theory considerations. The argument might go roughly
as follows. Each term in the instanton sum of a four-dimensional gauge theory will have
5 This possibility was suggested to us by C. Vafa
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a coefficient arising from the integration over the instanton moduli space. This space is
described by ADHM data [75](see also [76]). This data is the moduli space of vacua of
an N = 1, d = 6 gauge theory [60][72]; for SU(2) the k-instanton sector is described by a
U(k) gauge theory. We could imagine then that the coefficients of the spacetime instanton
expansion are related to correlation functions of this gauge theory (or an appropriate
twisting.) We might further argue that for supersymmetric spacetime theories, the R-
symmetry acts as an unbroken Lorentz symmetry of the auxiliary d = 6 theory (and not
just on the moduli space of vacua). Thus the SU(4) ∼= SO(6) part of the R-symmetry
group acts as the Lorentz symmetry of the d = 6 theory on T6 or IR6, while the SU(2)
R-symmetry acts as the part of the Lorentz group surviving the K3 compactification. The
correlation functions would also be broken up into instanton sectors of this gauge theory.
Of course, all of is natural from the D-brane point of view; we have only tried to abstract
the features of the D-brane calculation which arise naturally when thinking only about
gauge theories, simply by symmetry considerations. It is not clear from gauge theory
considerations what the relevant correlation functions are. Some progress has been made
in integrating over the ADHM moduli space (and over hyper-Ka¨hler quotients in general)
[77]. One interesting feature is that the integrand has a natural U(1) action and thus one
can apply a localization formula to the integral. Perhaps this provides a link to the type
IIA worldsheet instanton calculation outlined by Kontsevich.
It would be interesting to relate this work to that in [38][78]. We have described a
calculation which is related to brane bound states on both the heterotic and type IIA
sides of a dual pair. These bound states become massless (classically) at a boundary
of the compactification moduli space and may reflect some large symmetry algebra. In
addition, our rederivation of the Gromov-Witten invariants indicates that the worldsheet
instanton moduli space should be the same as the moduli space of D-branes, namely the
space of coherent sheaves as conjectured in [78]. This puts a little meat on a conjecture of
Kontsevich regarding a generalized formulation of mirror symmetry [79].
Finally, we know that both the E8 × E8 heterotic string and the type IIA string
are naturally described from the point of view of M-theory. It would be interesting to
understand if this duality, and in particular the relation between the bound states that we
have described, arises from a fundamental duality symmetry of M-theory compactifications.
The matrix model of M-theory [80] might help. M-theory compactifications on Calabi-Yau
manifolds are not yet understood; however, the authors of [81] have claimed that the
proposal outlined in [82] and [83] makes the duality between the heterotic string on T 3
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and M-theory on K3 manifest. A microscopic understanding of heterotic-type IIA duality
might lie in this direction.
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